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A B S T R A C T  

We propose a new non-pa ra metric c ondition al indepe nde nce tes t for a s cal ar respon s e and a function al c ov ari ate ov er a c on tin uum of qua n tile 
lev els . We build a Cra me r–von Mises type test stat ist ic based on an empirical process indexed by random proj ection s of the functional cov ari ate, 
effe ctiv ely av oid ing the “c ur se of d imensional ity” under the proje cte d hypothesi s, which i s almost s urely e quivale n t to the n ull hypothesis. The 
asymptotic n ull dis tribution of the proposed tes t s tatis tic is obtained under some mild ass umptions . The asymptotic global and local power 
properties of our tes t s tatis tic a re the n inves ti gated. We spec i fically de mons tra te tha t the sta t ist ic is able t o det ect a broad cl as s of local altern ativ es 
c onv erging to the null at the pa ra metric rate. Addition ally, w e re c ommend a simple multiplier bootstrap approach for est imat ing the crit ical 
v alues. The finite-s amp le perform anc e of our stat ist ic is examined through several Monte Carlo simulation experiments . Fin ally, an an alysis of 
an EEG data set is used to show the utility and ver satil ity of our proposed test stat ist ic. 

KEY W OR DS : empirical process; functional data; m ultiplie r boots tra p; qua n tile indepe nde nce; ra ndom proj ection s. 
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1 I N T R O D U C T I O N 

s digital techno lo gy develops si gnifica n tly, the re a r e mor e and
ore ins ta nces from the biosciences where the obtained data are

urv es . An exciting example is the ele ctroenc eph alogram ( EEG )
ata for a person in a resting state with eyes closed. The pa rtici -
a n t we n t throu gh a 5- min te s t, a nd EEG si gn als w er e r e c orde d
t a s amp lin g rate of 1000 Hz. S ince the den s ely re c orde d EEG
ign als h av e few meas ure me n t e rrors, they ca n be naturally re-
arded as functional d ata. Functional d ata analysis views data as
 ealiza tions of random functions and t ake s into ac c ount the func-
ion al n a tur e of the da ta. Ove r the pas t 2 decades, it h as be c ome
 n importa n t a rea of s tatis tics, exte nding the a nalysis of m ulti -
 ari ate d ata to more c omplicate d and inform ativ e curv e d ata, s ee
ilv erm an and Ram s ay ( 2002 ) , Ram s ay and Silv erm an ( 2005 ) ,
e rraty a nd Vieu ( 2006 ) , a nd Hsing a nd Euba nk ( 2015 ) for ba-
ic theory and app lication s. 

Ma ny s tudies h av e s u gge ste d th at hum an intelligenc e or c og -
it ive funct ion may be r ela t ed t o EEG, se e Zh ang et al. ( 2020 ) .
 practically importa n t iss ue lies in inv es ti gating the r ela tion-

hip betw e en w orking me mory ability a nd EEG. In troduc e d by
oe nke r a nd Bas s e tt ( 1978 ) , qua n tile r egr e ssion mode l s the di s-

ributional r ela tion ship be tw e en a s e t of cov ari ates and spec i fic
ua n tiles of in te res t of a target respon s e. Due to its ro bustnes s
gains t outlie rs in respon s e measure me n ts, it finds exte n sive us e
n biosciences and other sc ienti fic disc ipline s. More import a n tly,
s it enables the description of the influence of cov ari ates on the
omp le te cond itional d istribution of the respon s e, qua n tile re-
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res sion is particul arly helpful when c ondition al quantile func-
ions are of interest. 

Combining qua n tile r egr es sion with functional d ata leads
o functional qua n tile r egr ession, in which the most popu-
ar is functional linear quantile r egr es sion . It has been exten-
iv ely inv es ti gated; for a comprehensive tr ea tme n t in est imat ion
 nd infe re nc e of function al linea r qua n tile r egr e ssion mode ls
 FLQMs ) , s ee Cardot e t al. ( 2005 ) , Che n a nd Mülle r ( 2012 ) ,
 nd Kato ( 2012 ) . Additionally, non-pa ra metric qua n tile r egr es-
ion has been extended to functional data, as in Chowdhury and
 haudhuri ( 2019 ) . T he majority of the afore me n tioned pa pe rs
 onc e n trate on ut iliz ing eithe r linea r models or non-pa ra metric
odels to describe the c ondition al qua n tile of the respon s e v a ri -

ble given the functional cov ari ate. De termining whe ther the
unction al c ov ari ate X , taking v alues in a Hilbert space H, ac-
ually contributes to the c ondition al qua n tiles of an R -valued
a ndom va riable Y for the in te res ted qua n tile le vels, howe ver, is
 more funda me n t al que s tion a nd the firs t s tep in c ondition al
ua n tile modeling. The formal null hypothesis for this pro b lem

s as follows: 

H 0 : P 

{
Y ≤ Q Y (τ ) | X 

} = τ almost surely (a.s. ) 

for all τ ∈ A , ( 1 )

here Q Y ( τ) is the unc ondition al quantile of Y at quantile level
, which is defined as Q Y (τ ) = inf 

{
y : F (y ) ≥ τ

}
with F ( ·)

he c umulative d istribut ion funct ion ( CDF ) of Y , and A is a
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c ompact s ubin te rv al of ( 0, 1 ) , which co llects the qua n tile lev-
els of in te res t. If H 0 is s upporte d by the da ta, ther e is no ne e d
to pursue a qua n tile r egr e ssion mode l for Y given the functional
cov ari a te X a t a ny qua n tile τ ∈ A , which dras tically re duc es the
s tatis tical modeling of Y . 

It is importa n t t o not e that our t est for Equation 1 is quite gen-
e ral. Whe n the s e t A is fairly close to the whole in te rval ( 0, 1 ) , say
A = [ ε, 1 − ε] for some a rbitra ri ly smal l ε > 0, it becomes the
c ondition al distribution independence test of Y given X ; namely,
testing the stat ist ical independence of Y and X : F Y | X ( ·) = F ( ·) ,
whe re F Y | X ( ·) de notes the c ondition al distribut ion funct ion of
Y given X . Our test also includes testing c ondition al mean in-
depe nde nce for functional da ta, tha t is, E (Y | X) = E (Y ) , as a
speci al cas e. Indeed, although the mean does not depend on X ,
other regions of the distribution of Y may be depe nde n t on X .
As a result, our tes t ca n detect both mean and distributional re-
l ation ships be tw e e n Y a nd X . In pa rticula r, our tes t may be able
to ide n tify the regions of depe nde nce b y va rying A prope rly. On
the other hand, the proposed test re duc es to checking the con-
ditional qua n tile indepe nde nce at a single qua n tile whe n A only
contains a single quantile level in ( 0, 1 ) . 

To our kno wledg e, there is curre n tly no study invest igat ing
the c ondition al qua n tile indepe nde nc e of Y giv en a function al
cov ari ate X over a con tin uum of qua n tile levels, as described
by the null hypothesis in Equation 1 . Lee et al . ( 2020 ) ut ilized
function al m a rtingale diffe re nc e div e rge nce to pe rform the con-
ditional mea n indepe nde nce tes t for a respon s e v ari ab le and a
predictor v ari ab le whe re eithe r or both ca n be funct ion-valued .
Their proposed test only focused on the conditional mean inde-
pe nde nce tes t a nd omitted the qua n tile sce na rio, th us limiting
the scope of their su gge st ed t es t. Esca ncia no a nd Goh ( 2014 )
introduc e d a non-parametric test for the c orre ct spe cification
of a l inear cond itional qua n t ile funct ion ov er a c on tin uum of
qua n tiles . How ev er, they did not take function al-value d c ova ri -
at es int o ac c ount and instead ass ume d the c ov ari at es t o be a d -
dime nsional ra ndom v e ctor. Fin ally, Shi e t al. ( 2021 ) propos ed
a non-pa ra me tric U -proces s tes t s tatis tic based on the func-
tion al principal c ompone n t a n alysis to che ck the ade quacy of the
FL QM. Howe ve r, their tes t w as con structed at a single spec i fic
qua n tile rathe r tha n e mplo ying a con tin uum of qua n tile lev els . 

In our pa pe r, w e ch a racte rize the n ull hypothesis 1 via a pro-
je cte d hypothesis and propose an empirical process indexed by
random proj ection s of the function al c ov ari a te, tha t is, the inner
product of the functional v ari ab le X and an appr opria te pr ojec-
t ion direct ion h ∈ H. The proposed tes t s tatis tic is the n con-
structed as a Cramer–von Mises norm of the resulting e mpiri -
cal proces s, whos e l imiting null d i stribution i s e st ablished under
some mild ass umptions . We also inves ti gat e its asympt otic be-
havior under the fixed alternative and a ce rtain seque nce of local
altern ativ es approa chin g the null at the parametric rate. 

The main contribution of this work is as follows . First, w e em-
plo y ra ndom projection of the functional cov ari at e t o circum-
ve n t the c ur se of d imensional ity. Unl ike the local smoothing-
based te sts, which re ly on us er-chos en tuning parameters such
as bandwidth and can only detect local altern ativ es c onv erging
to the null at a slower c onv ergenc e rate that depends on the tun-
ing pa ra mete r, our tes t is built upon a m arke d empirical proc ess
indexed by a random projection of the function al c ov ari ate as in-
troduc e d in Cue st a -Albertos et al. ( 2019 ) and is able to detect lo- 
cal altern ativ e s at the faste st par ametric r a te. As a r e sult, our te st
is robus t a nd powe rful in a v arie ty of situation s. We s elect s everal 
diffe re n t projection directions based on a dat a -drive n a pproach 

to re duc e the impact of proje ction dire ct ion h on the test ing re- 
s ults . To achiev e hi ghe r a ccura cy in both size and power perfor- 
m anc e, the fin al P -value of the test is obtained by merging the 
s eries of P -v alues under different pr ojection dir ections using the 
fal se di sc ov ery rate ( FDR ) method in Be nj a mini a nd Yekutieli 
( 2001 ) . Se c ond , a mult iplier bootstrap is used to compute crit- 
ical values of the limiting n ull dis tribut ion. The computat ional 
efficie ncy is re ma rkab ly increas e d sinc e, unlike the widely use d 

wild boots tra p method, the re is no ne e d to re estim ate the pa ra m- 
eter at each bootstrap r eplica tion for the multiplier bootstrap. 
It is importa n t to note that the traditional re sidual- based wild 

boots tra p proc e dure fails to be valid under the framework of a 
con tin uum of qua n tiles since its res amp ling proc e dure can only 
be imple me n ted at a single qua n tile, m aking it un able to mimic 
the original data structure. We demonstrate that the m ultiplie r 
boots tra p has good theor etical pr ope rties, such as boots tra p con- 
sis te ncy unde r the n ull hypothesis, in addition to being simple 
to apply. Third, the proposed test is flexible enough to measure 
the qua n tile indepe nde nce at the whole qua n tile in te rval, a sin- 
gle point, or any int erior int ervals. It offers a trustworthy infer- 
e n ti al too l to comprehen sively ev aluate the indepe nde nce with 

function al c ov ari at es. Mont e Carlo simulation findings indicate 
that these appealing fea tur es tran sl at e t o t e sts with exce lle n t fi-
nite s amp le perform anc e, which also strongly corroborates the 
asymptotic theory. 

The rest of the paper is organized as follows. In Section 2 , 
we prese n t the tes ting fra mework a nd in tr oduce our pr oposed 

tes t s tatis tic based on hypothesis proj ection . We e st ablish the 
asymptot ic propert ie s of the proposed te s t unde r mild assump- 
t ions in Sect ion 3 . Proc e dures to imple me n t the proposed tes t
ar e r eporte d in Se ction 4 with details . Then w e exa mine the fi-
nite s amp le pe rforma nce of our test via Monte Carlo simul ation s 
in Section 5 . This is follow e d b y a n a nalysis of the EEG data
s e t in Section 6 . Finally, Section 7 concludes the pa pe r. Addi - 
t ional simulat ion results and all technical proofs can be found in 

Supplemen ta ry Mate rials . 
Throughout this pa pe r, H is a sepa rable Hilbe rt space e n- 

dow e d with the inner product 〈 ·, ·〉 and as s oci ated norm 

‖ ·‖ H 

, 
and X is a H-valued r.v. defined on ( �, σ , ν) . For any X ∈ H, de- 
note its norm ‖ X ‖ H 

= 〈 X , X 〉 1 / 2 . Give n h ∈ H, de note b y X 

h 

= 〈 X , h 〉 the proje cte d X on the direction h . The indicator of
a n eve n t A is de noted b y I ( A ) , that is, I ( A ) = 1 if A occ ur s, and
ze ro othe rwise. Weak c onv e rge nce is de noted b y L � a nd a n ∼ b n 
means a n / b n → 1, as n → ∞ . 

2 T E ST I N  G  P R O C E D  U R E  

We now introduce a ma rked e mpirical process indexed by 
random proj ection s of the function al c ov ari at e t o construct 
the afore me n tioned tes t. The n ull hypothesis 1 can be re- 
expres s ed as H 0 : E 

[
I 
{

Y ≤ Q Y (τ ) 
} − τ | X 

] = 0 a . s . for all 
τ ∈ A , which can also be char acteriz ed using the as s oci a ted pr o- 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae036#supplementary-data
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e cte d hypothesis on a randomly chosen h ∈ H, defined as 

H 0 , h : E 

[
I 
{

Y ≤ Q Y (τ ) 
} − τ | X 

h ] = 0 a.s. for all τ ∈ A . 

( 2 ) 

The following lemma spec i fies for mally the neces s a ry a nd suf-
cie n t condition such that E 

[
I 
{

Y ≤ Q Y (τ ) 
} − τ | X 

h 
] = 0 a . s .

o lds bas ed on proj ection s of X . 

emm a 1 ( The o rem 2.4, Cues ta-Albert os et al. ( 2019 ) )
et μ be a n on-de gen erate Gaussi a n measu re on H. Deno te
 0 := 

{
h ∈ H : E 

[
I 
{

Y ≤ Q Y (τ ) 
} − τ | X 

h 
] = 0 a.s. 

}
, under

ss umpt io n ( A1 ) in Se ct io n 3 , there e x ists 

E 

[
I 
{

Y ≤ Q Y (τ ) 
} − τ | X 

] = 0 a.s. ⇐⇒ μ(H 0 ) > 0 . 

 he a bov e lemm a e st ablishe s the μ- a . s . e quivalenc e betw e en
he original null hypothesis H 0 and the proje cte d v ersion H 0, h .
pec i fically, i f H 0 holds, then the law of it erat e d expe ctation en-
ures H 0, h holds for every h ∈ H. If H 0 fail s, L emma 1 entail s
hat the s e t of proj ection s for which H 0 is not congrue n t with
 0, h h as meas ur e zer o, tha t is, μ ( H 0 ) = 0 , imply ing that w ith

robability 1, one can choose a projection h such that H 0, h fails.
hus, t o t est the null hypothesis H 0 , one just first chooses a ran-
om proje cte d dire ction h ∈ H, a nd the n tes ts the proje cte d null
ypothesis H 0, h in Equation 2 . How ev er, s ome times the power
f the resulting test may be s en sitive to the s elected proj ection .
o lower the influence of the pr ojection dir ection and improve
owe r pe rforma nce, we recomme nd choosing seve ral diffe re n t
ire ctions . A detaile d sele ction proc e dure for the projection di-
ections is d isc ussed in Section 4 . 

Chose n a ra ndom pr ojection h in H, the pr oje cte d
ull hypothesis in Equation 2 can be r ewrit ten as
 

[
ψ τ

{
Y , Q Y (τ ) 

} | X 

h 
] = 0 , where 

ψ τ ( y, q ) = I 
{

y ≤ q 
} − τ, for q, y ∈ R . 

o estimate ψ τ { Y , Q Y ( τ) }, instead of using the direct plugging-
n estim ator, w e c onsider smoothing the indicator function I { Y

Q Y ( τ) } to simplify the derivation of the theoretical res ults .
et K(u ) = 

∫ u 
−∞ 

k( ̄u ) d ̄u , with k ( u ) ≡ dK ( u ) / d u a use r-chose n
niv ari a te non-nega tive symmetric kernel function that inte-
rat es t o 1, for example, a s ta nda rd normal PDF. In addition, let
 = a n ∈ R 

+ be a positive sequence of bandwidth pa ra mete rs
hrinking to zero at a proper rate as n → ∞ . Given the data set
( X i , Y i ) 

}n 
i =1 , we propose the test process as 

T n, h (x, τ ) = 

1 √ 

n 

n ∑ 

i =1 

ψ τ,a 
{

Y i , ̂ Q Y (τ ) 
}

I 
(

X 

h 
i ≤ x 

)
, ( 3 ) 

here 

ψ τ,a ( y, q ) = K 

{
q − y 

a 

}
− τ, for q, y ∈ R , 

nd 

̂ Q Y (τ ) = arg min 

q 

∑ n 
i =1 ρτ ( Y i − q ) , with ρτ ( u ) = u { τ −

 ( u < 0 ) } being the qua n t ile loss funct ion. Note that when a =
, K { ( · −Y ) / a } es s e n tially re duc es to the indicator function I ( Y
·) . It is shown in Web Appendix B of the Supplemen ta ry M

 terials tha t ψ τ,a 
{

Y , ̂ Q Y (τ ) 
}

facilita tes the inves ti gation of the
st imat ion effect caused by ̂ Q Y (τ ) . 
The tes t s tatis tic is prope r con tin uous functionals of T n , h . In
ur pa pe r, we focus on the popula r Cra me r–von Mise s ( Cv M )
orm to measure the dis ta nce of T n , h from zero. The CvM norm
 s g ive n b y 

‖ T n, h ‖ CvM 

:= 

∫ 

R ×A 

T 

2 
n, h ( x, τ ) dF n, h (x ) dτ, 

here F n, h (x ) = n 

−1 ∑ n 
i =1 1 { X h i ≤x } i s the empirical di stribution

unction based on the randomly proje cte d function al c ov ari ate
 X 

h 
i } n i =1 . Note that this norm does not admit a closed form; thus,

e use Mon te Ca rlo in tegration to appr oxima te it, with the cor-
e sponding te s t s tatis tic CvM n defined as 

CvM n = 

1 

mn 

m ∑ 

j=1 

n ∑ 

i =1 

∣∣T n, h 
(

X 

h 
i , α j 

)∣∣2 
, ( 4 )

he re { α j } m 

j=1 a re de n s e regul ar grids in A with m → ∞ as n →
 . The null hypothesis H 0 is reje cte d whenev er the test statis-

ic CvM n exc e e ds s ome “l arge” v alues, which are con sistently es-
im ate d using a m ultiplie r boots tra p proc e dure, as describe d in
ection 3.3 . 

emark 1 In t his pa per, w e hav e f ocuse d on th e pro je ct ed hyp o th-
sis with 1 rando m proje ct io n. How ev er, it is p ossib le t o ext end the
 es t based o n mult ip le ra ndo m proje ct io ns. Aft er sele ct ing a set of pro-
e ct io ns 

{
h j 

}n.pro j 
j=1 , we can o bt ain the corres p ond i ng testi ng proce sse s

T n, h j 
}n.pro j 

j=1 res p e ct iv ely as i n Eq u a t io n 3 , a nd bu il d a v e ct o r t es t ing

rocess 
(

T n, h 1 , . . . , T n, h n.pro j 

)� . The CvM-type t es t s ta t is t ic should
 lso be mo di fied a ccording ly. B ut t his is not an easy task, owing to the
lusive the o ry of the multi d imension a l proje ct ed hyp o thesis compa red
ith 1-dim en sion a l ones . D etai ls of this ext ensio n are left fo r fu ture
 esear ch. 

3 A S Y M P  TOT I C  R E S U LTS  

n this se ction, w e c onstruct the l imiting d istribution of the em-
irical proc ess T n , h giv en in Equation 3 under both the null hy-
othesis a nd diffe re n t types of alte rn ativ es . In addition, w e also
 onstruct the c onsis te ncy of a m ultiplie r boots tra p a pproxima-
ion of the asymptotic null distribution. We first introduce some
e chnical ass umptions . 

( A1 ) 
{

( X i , Y i ) 
}n 

i =1 is a se quenc e of i .i .d . random vari-
ates with E 

‖ X 

‖ 

2 
H 

< ∞ and E 

| Y 

| β < ∞ , for some
β ≥ 2. More ov er, 

∑ ∞ 

k=1 m 

−1 /k 
k = ∞ with m k :=∫ ‖ X 

‖ 

k 
H 

dν < ∞ for all k ≥ 1. 
( A2 ) f ( ·) , the Lebesgue density function of F ( ·) , satis-

fies inf τ∈A 

f 
{

Q Y (τ ) 
}

> 0 . Its se c ond -orde r de riva-
tive f ′′ ( ·) is uni for mly bounded from above on R a . s .. 

( A3 ) The c ondition al CDF of Y giv en X proje cte d in
any direction h ∈ H, F ( · | X 

h ) , has up to q th
orde r con tin uous de rivatives, which a re de noted,
respe ctiv ely, by F (s ) 

(·| X 

h 
)
, s = 1 , 2 , · · · , q , for q

≥ 2, with F 

( q ) ( · | X 

h ) uni for mly bounded from
abov e and c ontinuous on R a.s. . Its Lebesgue density
funct ion f ( · | X 

h ) sat isfies inf τ∈A 

f 
{

Q Y (τ ) | X 

h 
} ≥

l 1 > 0 a.s . a nd inf τ∈A 

f 
{

Q Y 
(
τ, X 

h 
) | X 

h 
} ≥ l 2 > 0

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae036#supplementary-data


4 � Biometrics , 2024, Vol. 80, No. 2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

D
ow

nloaded from
 https://academ

ic.oup.com
/biom

etrics/article/80/2/ujae036/7671407 by R
enm

in U
niversity user on 14 M

ay 2024
a.s. for some cons ta n ts l 1 , l 2 , where Q Y 
(
τ, X 

h 
) =

inf 
{

y : F (y | X 

h ) ≥ τ
}

. 
( A4 ) Q Y ( τ) is uni for mly bounded and Lipschitz con tin uous

for τ ∈ A and Q Y ( τ , x ) is uni for mly bounded and Lip-
schitz con tin uous for ( τ, x ) ∈ A × R . 

( A5 ) K ( ·) is fir st-time d ifferenti ab le s atisfying
l im u → −∞ 

K ( u ) = 0, l im u → ∞ 

K ( u ) = 1. K ( ·) and
its firs t-orde r de rivative K 

′ ( ·) a re uni for mly bounded
on R a . s .. K 

′ ( ·) is symmetric over its support. There
exists P ≥ 2 such that 

∫ ∞ 

−∞ 

u 

s K 

′ (u ) du = δs 0 , for s =
0, 1, ···, p − 1 and 

∫ ∞ 

−∞ 

u 

p K 

′ (u ) du < ∞ , where δs 0 is
Kronecker’s de lt a. 

( A6 ) na 2 q → 0 and na 2 → ∞ , as n → ∞ , a → 0. 

Rema rk 2 The firs t 2 ass umpt io ns are quite common. It is worth
not ing tha t the co ndit io n o n m k in ( A1 ) c a n b e easil y sa t isfied. As
Cues ta-Albert os et al. ( 2019 ) po i nte d out, this condition holds if the
tails of P X , the law of X , are li ght enou gh o r if X has a finit e mo ment
genera t ing funct io n in a nei ghbo rho od of zero, t h us t h e m os t co m-
mon ly use d G aussian pro cess is incl u ded. Th e m om ent condition of
Y and the colle ct ive bo un dedness of f ( ·) and f ′′ ( ·) are i mpose d to ap-
p l y the u n iform Ba h adur r epr esenta t io n as in Lemma B.3. Ass ump-
t io ns ( A3 ) and ( A4 ) assign th e sm oothn e ss re str iction to F ( · | X 

h )
and Q Y ( ·) for t he a pplic a t io n of empirical process the o ry. Ass ump-
t io ns ( A5 ) and ( A6 ) co ncern abou t CDF-versio n kernel K ( ·) and its
rela t ed b an dwidth a. I f q = 2, the CDF of the st an dard norm a l meets
all the co ndit io ns o n K ( ·) , o ne c an choo se a ∼ n 

−1/3 . I f q = 4, o ne c an
use the integral of the fourth-order Gaussi a n or Epa nechn ik ov k ernel
as K ( ·) with a ∼ n 

−1/5 . 

3.1 Asymptotic null distr i bution 

Define an auxiliary process 

S n 0 , h (x, τ ) = 

1 √ 

n 

n ∑ 

i =1 

ψ τ

{
Y i , Q Y (τ ) 

}
× {

I 
(

X 

h 
i ≤ x 

) − F h (x ) 
}
, ( 5 )

where F h (x ) = E 

{
I 
(

X 

h ≤ x 
)}

, namely the distribution func-
tion of X 

h . T he a bov e proc e ss facilit ate s the construction of a
m ultiplie r boots tra p s tatis tic in Section 3.3 . 

We show the asymptotic uni for m e quivalenc e betw e en T n , h
and S n 0, h in Theorem 1. Then, we study the weak conve rge nce
of S n 0, h and obtain the asymptotic null distribution of T n , h in
Theorem 2. 

T heore m 1 Un der H 0, h an d Ass umpt io ns ( A1 ) –( A6 ) , 

sup 

( x,τ ) ∈ R ×A 

∣∣T n, h (x, τ ) − S n 0 , h (x, τ ) 
∣∣ = o P (1) . 

Remark 3 It is worth noting that 

T 

# 
n, h (x, τ ) = 

1 √ 

n 

n ∑ 

i =1 

ψ τ,a 
{

Y i , ̂ Q Y (τ ) 
}

× {
I 
(

X 

h 
i ≤ x 

) − ̂ F h (x ) 
}
, ( 6 )
with ̂

 F h (x ) = n 

−1 ∑ n 
j=1 I 

(
X 

h 
j ≤ x 

)
is also a f e asible t es t process 

for Eq u ation 2 . It is simp l y the sa mp le a n a lo gue of S n0, h , enjoyi ng
th e sam e asympt ot ic expansio n under H 0, h as the t es t process T n, h 
giv en i n Eq u a t io n 3 . By app l yi ng si mil ar arguments in the proof of
The o rem 1 in Web Appendix B in Supplementary Materials with 

I ( X 

h ≤ x ) repl ace d by 1, w e can ob tai n that the difference between
T 

# 
n, h and T n, h is asympt ot ic ally n e gligible. In our paper, we examine 

the fin ite-sa mp le p erforma nce of T 

# 
n, h while omitting its asympt ot ic 

pro p ert ies t o av o i d rep et it io n. 

T heore m 2 Un der H 0, h an d Ass umpt io ns ( A1 ) –( A6 ) , 

T n, h 
L � G, 

where G is a Gaussi a n process with mean zero and covariance f unc - 
t io n K ( x 1 , x 2 , τ 1 , τ 2 ) = ( min { τ 1 , τ 2 } − τ 1 τ 2 ) [F h ( min {x 1 , x 2 } )
− F h ( x 1 ) F h ( x 2 ) ]. 

Con tin uous ma pping theore m a nd Theore m 2 e n tail the asymp- 
totic null distribution of CvM n in the following corollary. 

Corollary 1 Un der H 0, h an d Ass umpt io ns ( A1 ) –( A6 ) , 

CvM n 
L � 

∫ 

R ×A 

G 

2 (x , τ ) d F h (x ) dτ. 

The null hypothesis is reje cte d whenev er CvM n exc e e ds some 
ove rly “la rg e” values. Ho we ver, the a bove coro ll ary has shown 

that the resulting asymptotic null distribution of CvM n , that 
is, 

∫ 
R ×A 

G 

2 ( x, τ ) dF h ( x ) dτ , depends on the underlying dat a - 
ge ne ra ting pr oc ess in a c omplicate d m a nne r. Th us, the asymp-
tot ic crit ical value s for Cv M n cannot be t abulated. To t ackle this 
iss ue, w e adopt an easy-to-imple me n t m ultiplie r boots tra p pro- 
c e dure to simulate the critical values of 

∫ 
R ×A 

G 

2 ( x, τ ) dF h ( x ) dτ

as accurately as desired, with details given in Section 3.3 . 

3.2 Asymptotic power 
In wh at follows, w e inv es ti gate the asymptotic power properties 
of T n , h under the fixed ( ie, global ) altern ativ e, as w ell as a c ertain 

se quenc e of local altern ativ es c onv erging to the null at the para- 
metric rate. We firs t conside r the fixed alternative hypothesis of 
the type 

H 1 : E 

{
ψ τ

{
Y , Q Y (τ ) 

} | X 

} � = 0 a.s., for some τ ∈ A , 

( 7 ) 

with the corresponding proje cte d v ersion 

H 1 , h : E 

{
ψ τ

{
Y , Q Y (τ ) 

} | X 

h } � = 0 a.s., for some τ ∈ A . 

( 8 )

Note that H 1, h is simply the negation of H 0, h . The following the- 
ore m s t ate s the asymptotic distribution of T n , h under H 1, h . 

T heore m 3 Un der H 1, h an d Ass umpt io ns ( A1 ) –( A6 ) , 

sup 

( x,τ ) ∈ R ×A 

∣∣n 

−1 / 2 T n, h (x, τ ) − G 1 (x, τ ) 
∣∣ = o P (1) , 

where G 1 (x, τ ) = E 

[
f 
{

Q Y (τ, X 

h ) | X 

h 
} {

Q Y (τ ) 
−Q Y 

(
τ, X 

h 
)}

I 
(

X 

h ≤ x 
)]

. 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae036#supplementary-data
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t is easy to see fr om Theor em 3 tha t under the fixe d altern a-
ive H 1, h , G 1 (x, τ ) � = 0 for at leas t some τ a nd x with a positive

easur e. Ther efor e, T n , h dive rges a nd the test stat ist ic CvM n di-
 erges to positiv e infinity a t the ra te of n , implying tha t our test
 s consi s te n t agains t the fixe d proje cte d altern ativ e H 1, h a nd th us
 s consi s te n t agains t H 1 . 

Next, we study the asymptot ic distribut ion of T n , h under a se-
uence of local altern ativ e hypothe se s c onv erging to the null at

he pa ra metric rate n 

−1/2 give n b y 

H 1 n : E 

[
ψ τ

{
Y , Q Y (τ ) 

} | X 

] = n 

−1 / 2 δ ( τ, X ) 

+ δR 
n ( τ, X ) a.s., for all τ ∈ A , ( 9 ) 

ith the corresponding proje cte d v ersion 

H 1 n, h : E 

[
ψ τ

{
Y , Q Y (τ ) 

} | X 

h ] = n 

−1 / 2 E 

{
δ ( τ, X ) 

∣∣X 

h }
+ E 

{
δR 

n ( τ, X ) 
∣∣X 

h } a.s., for all τ ∈ A . ( 10 ) 

e r equir e the functions δ( τ , X ) and δR 
n ( τ, X ) to satisfy the fol-

owing assumption: 

( A7 ) δ( ·, X ) is con tin uous in A a.s.,
E 

{
sup τ∈A 

∣∣δ ( τ, X ) 
∣∣} < ∞ and

E 

{√ 

n sup τ∈A 

∣∣δR 
n ( τ, X ) 

∣∣} = o(1) . 

Note that n 

−1/2 signifies the rate of H 1 n , h c onv erging to H 0, h as
 increases, which is known as the fas tes t rate pos sib le for spec-

fication tests to be able to non-trivially detect local altern ativ es .
he following theorem st ate s the asymptotic distribution of T n , h 
nder the se quenc e of local altern ativ es H 1 n , h . 

 heore m 4 Un der H 1n, h an d Ass umpt io ns ( A1 ) –( A7 ) , 

T n, h 
L � G + �, 

here G is t he G aussi a n process define d i n The o rem 2, and � is a
eterm in istic sh ift fu nct io n given by 

�(x, τ ) = −E 

[
δ ( τ, X ) 

{
I 
(

X 

h ≤ x 
) − F h (x ) 

}]
. 

heorem 4 and the c ontinuous m apping the orem lead to that,
nder H 1 n , h , 

CvM n 
L � 

∫ 

R 

{
G(x, τ ) + � ( x, τ ) 

}2 dF h (x ) dτ. 

her efor e, our test has non-negligible asymptotic powers against
he se quenc e of local altern ativ es H 1 n , h sinc e the shift function

( x , τ) � = 0 for at least some x and τ with a positive measure. 

3.3 Multiplier b o otstra p a ppr oxim ation 

t is shown in Theorem 2 that the limiting null distribution
f T n , h is non-pivot al, de pending on the unknown distribu-
 ion funct ion F h ( ·) . We su gge s t a n easy-to-imple me n t m ultiplie r
oots tra p method to appr oxima te the limiting n ull dis tribution.
ultiplie r boots tra p, based on the m ultiplie r ce n tral limit theo-

em in Section 2.9 of Vaa rt a nd Wellne r ( 1996 ) , h as be en widely
pplied to appr oxima te Gaus si an proces s es s o as to o btain v alid
ritical v alues, s ee Che rnozh ukov et al. ( 2013 ) , Bücher and Ko-
a dino vic ( 2016 ) , Lemyre and Quessy ( 2017 ) , Sant’Anna and
 ong ( 2019 ) , and C hen and Zhou ( 2020 ) . The key idea of multi-
lie r boots tra p is to m ult iply the asymptot ic analyt ic expression
f the limiting process with mean zero and unit v ari ance ps eudo-
a ndom va riables that are indepe nde n t of the s amp le path, thus
a pable of main taining the firs t a nd se c ond mome n ts of the orig-
n al proc ess and a chievin g a good appr oxima tion. 

In our pa pe r, the proposed m ultiplie r boots tra p tes t process is 

T 

∗
n, h (x, τ ) = 

1 √ 

n 

n ∑ 

i =1 

ψ τ,a 
{

Y i , ̂ Q Y (τ ) 
}

× {
I 
(

X 

h 
i ≤ x 

) − ̂ F h (x ) 
}

V i , ( 11 )

here { V i } n i =1 is a se quenc e of i .i .d . mult ip lier v ari ab les with
ean 0 and v ari ance 1 and independent of 

{
( X i , Y i ) 

}n 
i =1 . A

l as sical choice of { V i } n i =1 is P (V i = 1 − κ) = κ/ 
√ 

5 , P (V i =
) = 1 − κ/ 

√ 

5 , where κ = 

(√ 

5 + 1 

)
/ 2 , as su gge sted in

a mme n ( 1993 ) . Note that the boots tra p tes t process Equa-
ion 11 depends on the original s amp le 

{
( X i , Y i ) 

}n 
i =1 . Denote

L ∗� in probability” the weak conve rge nce in probability under
he boots tra p law, th at is, c ondition al on the origin al s amp le
( X i , Y i ) 

}n 
i =1 . The following theore m gua ra n tees the asymp-

otic val id ity of the multipl ier bootstrap proc ess . 

 heore m 5 Supp ose Assu mpt io n s ( A1 ) –( A7 ) h old. Th en under ei-
her H 0, h or H 1n, h , 

T 

∗
n, h 

L ∗� G in probability , 

here G is t he G aussi a n process define d i n The o rem 2. Mo re over, un-
er H 1, h , T 

∗
n, h w e ak ly co n ver ges to a Gaussi a n pr ocess in pr o b ability

ith a dis tribu t io n different from G . 

4 I M P L E M E N TAT I O N  

onstruction of the te st proce ss Equation 3 inv olv e s the kerne l
unction K ( ·) and the bandwidth a . To meet As sumption s ( A5 )
nd ( A6 ) , we choose K ( ·) to be the s ta nda rd normal CDF with
he bandwidth a = cn 

−1/3 , where c is a tuning constant. We h av e
ound in extensive simul ation s that c = 1/30 works quite well
nd is what we recommend in practice, see Web Appendix C.1
n Supplemen ta ry Mate ri als for more de tails. 

The projection direction h is crucial in testing H 0 because
t may have a strong impact on the outcome. Although our
esting proc e dure is theoretically consis te n t, the re exis t 2 main
rawbacks pointed out by Cue st a -Albertos and Febr er o-Bande
 2010 ) . One is the power loss owing to the projection when
ran sforming a H-v alued r.v. into a R -v alued r.v.. An extreme case
s if one chooses a direction that is orthogonal to the da ta, tha t is,
 

h = 0, then the P -value of H 

h 
0 is always 1, thus failing to calibrate

he level of the test. More ov er, the instability th at one m ay draw
the opposite infe re nce from 2 diffe re n t proje cte d hypothe se s re-

ains ine vita ble. 
To alleviate the above issues, we propose to randomly choose
 . proj > 1 directions, then test the n . proj proje cte d hypothe se s
H 0 , h j 

}n.pro j 
j=1 sim ulta ne ously. We choose to c ontrol the FDR in-

 tead of e mplo ying Bonfe rroni ’s method to achie v e better pow er
e rforma nce. And the selection of proj ection s n umbe r n . proj is
xplored in all sorts of diffe re n t sce na rios in the simulation study.

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae036#supplementary-data
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Spec i fically, we ge ne ra te the pr ojection dir ection h vi a a d at a - 
drive n a pproach, which t ake s into ac c ount of the function al prin- 
cipal compone n t a nalysis ( FPCA ) of X a nd allows the selection 

of several differ ent pr ojection dir ections. FPCA of the functional 
cov ari a te X r efers to its well-known Karhunen–Loéve expansion: 

X = 

∞ ∑ 

j=1 

λ
1 / 2 
j ξ j e j , 

whe re ei ge nvalue s 
{
λ j 

}∞ 

j=1 is a decreasing non- ne gativ e series, {
e j 

}∞ 

j=1 is a se quenc e of orthonormal eigenfunctions of H. The 

rescaled ei ge nfunctions 
{
φ j 

}∞ 

j=1 a re calle d function al principal 

compone n ts ( FPC ) of X , φ j = λ
1 / 2 
j e j , and 

{
ξ j 

}∞ 

j=1 , called FPC 

scor es, ar e uncorr ela ted random v ari ab les with mean 0 and vari- 
ance 1. 

The pr ojection dir ection h is ge ne ra ted fr om the following 
proc e dure. 

( i ) Compute the ei ge nvalues 
{̂

 λ j 
}n 

j=1 a nd ei ge nfunctions {̂
 e j 
}n 

j=1 of X 1 , …, X n through FPCA. 
( ii ) Determine the truncated n umbe r j n b y 

j n = min 

⎧ ⎨ 

⎩ 

k = 1 , . . . , n − 1 : 

⎛ 

⎝ 

k ∑ 

j=1 ̂

 λ2 
j 

⎞ 

⎠ / 

⎛ 

⎝ 

n −1 ∑ 

j=1 ̂

 λ2 
j 

⎞ 

⎠ ≤ 0 . 95 

⎫ ⎬ 

⎭ 

. 
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( i i i ) Ge ne rate the dat a -driv en proje ction dire ction h =∑ j n 
j=1 η j ̂  e j , where η j ∼ N(0 , s 2 j ) with s 2 j the s amp le

v ari ance of the j th FPC score. 

Repeat the above proc e dure for n . proj times and we get a num-
ber of n . proj pr ojection dir ections. For each dir ection h , the P -
value of H 

h 
0 is appr oxima ted thr ough the m ultiplie r boots tra p

me thod. Precis ely, ge ne rate a n umbe r of B m ultiplie r boots tra p

s amp les 
{ 

T 

∗,b 
n, h 

} B 

b=1 
in Equation 11 , and compute its correspond-

in g testin g stat ist ics 
{

CvM 

∗b 
n 

}B 
b=1 as Equation 4 . The P -value of

H 

h 
0 is B 

−1 ∑ B 
b=1 I 

(
C vM n ≤ C vM 

∗b 
n 

)
. 

After obtaining a number n . proj of diffe re n t P -values, we use
the FDR method to mix the re sulting P -value s . The fin al P -value
is determined as min i = 1, …, n . proj n . proj × p ( i ) / i , where p ( 1 ) ≤ ···
≤ p ( n . proj ) . The following proposition gua ra n te es the c onsis te ncy
of the final P -value for the n . proj proje cte d multiple tests r egar d-
less of the null hypothesis. 

Proposition 4.1 Denot e o rdered P-val u es as p ( 1 ) ≤ ··· ≤ p ( n.proj )
and let α ∈ ( 0, 1 ) be the level of the t es t, then 

P 

{
min 

i =1 , ... ,n.pro j 

n.pro j 
i 

p (i ) ≤ α

}
≤ α. 

5 N U M E R I C  A L  E V I D E N C E  

In this se ction, w e examine the finite s amp le pe rforma nce of
our proposed method. The size and power of the test are exam-
ined through the following 4 case s. Throu ghout this se ction, w e
let H = L 

2 [0 , 1] be the Hilbert space of all squa re-in tegrable
functions defined on [0, 1], with the inner product 〈 X 1 , X 2 〉 =∫ 1 

0 X 1 (t ) X 2 (t ) dt for X 1 , X 2 ∈ L 

2 [0 , 1] . 
Cas e 1 : The re sponse variable Y and the functional cov ari ate

X obey the following functional linear model: 

Y i = 〈 X i , β〉 + εi , i = 1 , · · · , n ; X i (t ) 

= 

100 ∑ 

j=1 

j −(1 . 1) / 2 X i j φ j (t ) , t ∈ [0 , 1] , 
whe re X ij a nd ε i a re indepe nde n t s ta nda rd Gaus si an, φ1 ( t )
= 1, φ j (t ) = 

√ 

2 cos 
{

( j − 1) πt 
}

for j ≥ 2. Denote β̄ = (
β̄1 , · · · , β̄100 

)� with β̄1 = 0 . 3 and β̄ j = 4(−1) j / j 2 for j ≥ 2. 
Let β j = r ̄β j / 

∥∥β̄
∥∥ and β(t ) = 

∑ 100 
i =1 β j φ j (t ) . Her e, r 2 corr e- 

sponds to the s tre ngth of the signal and we consider r 2 = 0, 0.1, 
0.2, 0.5. 

Case 2 : Y depends on X in a very non-linear fashion. Let 

Y i = r ‖ X i ‖ 

2 + εi , i = 1 , · · · , n, 

whe re X i a nd ε i a re defined as in Case 1 a nd r = 0, 1, 2, 4. 
Case 3 : Y depends on X in another non-linear form. Let 

Y i = r〈 e −X i , X 

2 
i 〉 + εi , i = 1 , · · · , n, 

where { εi } n i =1 is inde pendent st and ard Gaus si an . The cov ari- 
ate s { X i } n i =1 , inde pe nde n t with 

{ εi } n i =1 , a r e fr om the Ornstein–
Uhlenbe ck proc ess, which refers to a Gaus si an proces s with 

mean function E X t = x 0 e −θt + μ
(

1 − e −θt 
)

and cov ari ance 
function Cov{ X ( s ) , X ( t ) } = ( 2 θ) −1 σ 2 ( e −θ | t − s | − e −θ | t + s | ) . In 

this case, we set θ = 1/3, σ = 1, and x 0 = 0. The coefficient r is 
taken to be 0, 1/20, 1/10, and 1/5, respe ctiv ely. 

Ca se 4 : The d a ta ar e ge ne ra ted fr om a simp le model with he t-
erosc e dasticity. Let 

Y i = 

(
1 + r ‖ X i ‖ 

2 ) εi , i = 1 , · · · , n, 

whe re X i a nd ε i a re the sa me as Case 3, while r = 0, 0.5, 1, 2,
respe ctiv ely. It is w orth noting th at in this case, the c ondition al 
mean of Y is independent of X , but the c ondition al v ari ance is 
not. Ther efor e, the cl as sic mean-bas ed tes ts a re unable to detect 
such indepe nde nce, while our test sti l l w orks . 

5.1 D epen den ce on the number of proj ect ion s 
First, w e inv estigate the a dequa cy of the tests with respect to the 
n umbe r of proj ection s n . pro j , ran gin g from 1 to 15. To this end,
emp irical si zes and powers of the above 4 cases are examined at 
si gnifica nc e lev el α = 0.05, 0.10. The s amp le siz e n is tak en to be
50, 100, and 200. Throughout this section, the n umbe r of Monte 
Ca rlo expe rime n ts is s e t to be M = 500 with B = 2000 m ultiplie r
boots tra p sa mples in each expe rime n t. We conside r a subin te r- 
val of qua n tiles give n b y A = [0 . 1 , 0 . 9] , and comput e the t est-
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(A) (B) (C)

(D) (E) (F)

(G) (H) (I)

FIGURE 1 Emp irical si zes ( ( A ) –( C ) ) a nd powe rs ( ( D ) –( I ) ) of the test with the n umbe r of proj ection s from 1 to 15 in Cases 1-4, based on the 
s amp le size n = 50, 100, 200 and significance levels α = 0.05, 0.10. 
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ng s tatis tic CvM n defined in Equation 4 with a grid of m = 17
 qually spac e d poin ts 

{
α j 

}m 

j=1 in the in te rval [0.1, 0.9] a nd 0.1
 α1 < ··· < αm 

= 0.9. 
Figure 1 ( a ) –( c ) report the emp irical si zes of the tes t unde r the

ull hypothesis. It is shown that the small n umbe r of proj ection s
 av e an ob vious o v er-reje ction of the test, such as Case 3 with n
 200 and α = 0.10. As the number of proj ection s increas e, the

mpirical rejection rates exhibit mild decre me n ts a nd s tab ili ze
round the nominal level. Figure 1 ( d ) –( i ) disp l ay the empirical
owers for each case. We can see that certain bumps always exist
t the small n umbe r of proj ection s, such as in Cases 1 a nd 2. Afte r
h at, the pow e r is almos t cons ta n t for the la rge r n umbe r of pro-
 ection s. Combining the above facts, we tend to choose a mod-
 i  
 rate n umbe r, such as n . proj = 7, 8, 9, which not only achieves
 pe rfect bala nce betwee n the size a nd powe r pe rforma nce but
l so avoid s the heavy c omputation al burde n brough t b y a la rge
 umbe r of proj ection s. 

5.2 S ize an d powe r a nal ysis 
able 1 docume n ts the e mp irical si zes a nd powe rs of the tes t
ased on T n , h in Equation 3 from Cases 1 to 4 with the n umbe r of
roj ection s n . pro j = 8 a nd the qua n tile in te rval A = [0 . 1 , 0 . 9]
t si gnifica nc e lev el α = 0.05. It is shown th a t the pr oposed test
ro vides a ccurate empirical sizes in all cases at both nominal lev-
ls, which de mons tra tes tha t the m ultiplie r boots tra p w orks w ell
n appr oxima ting the finite s amp le distribution of the test statis-
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TABLE 1 Emp irical si zes a nd powe rs based on T n , h unde r qua n tile 
in te rval A = [0 . 1 , 0 . 9] in Cas es s 1-4, with α = 0.05, s amp le sizes n 
= 50, 100, 200, and 8 proj ection s. 

n = 50 n = 100 n = 200 

Case 1 r 2 = 0 0.034 0.044 0.048 
r 2 = 0.1 0.080 0.178 0.402 
r 2 = 0.2 0.116 0.316 0.706 
r 2 = 0.5 0.374 0.768 0.980 

Case 2 r = 0 0.034 0.036 0.046 
r = 1 0.070 0.150 0.584 
r = 2 0.108 0.254 0.878 
r = 4 0.096 0.258 0.928 

Case 3 r = 0 0.044 0.046 0.038 
r = 1/20 0.322 0.610 0.928 
r = 1/10 0.610 0.910 1.000 
r = 1/5 0.866 0.992 1.000 

Case 4 r = 0 0.038 0.046 0.040 
r = 0.5 0.164 0.610 0.972 
r = 1 0.266 0.798 0.996 
r = 2 0.352 0.906 1.000 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

TABLE 2 Emp irical si zes a nd powe rs based on T n , h unde r diffe re n t 
qua n tile in te rv als A in Cas e 1 and Cas e 5, with α = 0.05, s amp le sizes 
n = 50, 100, 200, and 8 proj ection s. 

A n = 50 n = 100 n = 200 

Case 1 [0.1,0.3] r 2 = 0 0.038 0.062 0.044 
r 2 = 0.1 0.086 0.132 0.268 
r 2 = 0.2 0.074 0.228 0.480 
r 2 = 0.5 0.190 0.504 0.874 

[0.4,0.6] r 2 = 0 0.042 0.052 0.054 
r 2 = 0.1 0.100 0.156 0.308 
r 2 = 0.2 0.136 0.294 0.604 
r 2 = 0.5 0.318 0.606 0.922 

[0.7,0.9] r 2 = 0 0.034 0.052 0.038 
r 2 = 0.1 0.060 0.118 0.250 
r 2 = 0.2 0.108 0.244 0.492 
r 2 = 0.5 0.206 0.516 0.874 

Case 5 [0.1,0.3] r = 0 0.050 0.050 0.042 
r = 1/40 0.056 0.060 0.074 
r = 1/20 0.034 0.062 0.056 
r = 1/10 0.042 0.062 0.064 

[0.4,0.6] r = 0 0.060 0.068 0.068 
r = 1/40 0.132 0.268 0.486 
r = 1/20 0.144 0.276 0.528 
r = 1/10 0.150 0.290 0.574 

[0.7,0.9] r = 0 0.038 0.060 0.052 
r = 1/40 0.370 0.838 0.998 
r = 1/20 0.436 0.896 0.998 
r = 1/10 0.446 0.904 1.000 
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tic under the null. More ov er, the empirical sizes be c ome closer
to the nominal si gnifica nce level as the s amp le size n increases,
pro vidin g a positive confirmation of Theorem 2 and Coro ll ary
2. In terms of power, as the deviation coefficient r increases or
the s amp le size n increases, the empirical po wer incre ases in all
cases. The emp irical si zes and powers of the tests based on T n , h
in Equation 3 and T 

# 
n, h in Equation 6 in Cases 1 to 4 with the

si gnifica nc e lev el α = 0.10, and other numbers of proj ection s,
such as n . proj = 7, 9, ar e sa tisfa ctory a cr oss the boar d, please r e-
fer to Table 1 in Supplementary Materials for more details. Per-
form anc e on pow er against the local altern ativ es i s di sp l ayed in
Web Appendix C.4 in Supplementary Materials . Additional sim-
ula tion r es ults, including size and pow e r a n alysis with 1 proje c-
tion, can be found in Web Appendix C.5. We also compare our
method with the adjusted Wald test proposed in Li et al. ( 2022 ) .
Results shown in Web Appendix C.6 de mons tra te the sa tisfac-
tory pe rforma nce of our method and its super ior ity over that of
the adjusted Wald test. 

One appe aling fe a tur e of our test is its capability to measure
indepe nde nce at diffe re n t qua n tile lev els . Instead of the wide in-
terv al [0.1,0.9], we s e t 3 n arrow er intervals [0.1,0.3], [0.4,0.6],
and [0.7,0.9], r epr ese n ting the indepe nde nc e ov e r low, mode r-
ate, a nd hi gh qua n tile leve ls, re spective ly. Under the above s e t-
t ing, the test ing stat ist ic CvM n defined in Equation 4 is com-
puted with a grid of m = 11 equally spaced points 

{
α j 

}m 

j=1 in
A . Table 2 shows the emp irical si zes and powers of Case 1 un-
der 3 quantile intervals at significance level 0.05. We can see that
emp irical si zes ar e r espe cte d unde r the n ull hypothesis. But the
e mpirical powe rs unde r all 3 qua n tile in te rvals a re always lowe r
than the coun te rpa rt unde r the qua n tile in te rval [0.1,0.9], with a
diffe re nce 10% − 20% . The reason for power loss is s trai gh tfor-
wa rd, indepe nde nce unde r a ce rtain in te rval is the su ffic ie n t but
not ne c es s ary condition for indepe nde nce unde r its subin te rval.
The results of the other 3 cases are quite similar, thus omitted for
savin g spa ce. 
Follo wing the sugg estion of the as s oci at e edit or, we also con- 
sider the case in which Y and X are quantile independent at some 
qua n tile lev els . 

Ca se 5 : The d a ta ar e genera ted fr om the following model with 

he teros c e dastic on τ . Let 

Y i = U i + rI(τ > 0 . 5) 〈 e −X i , X 

2 
i 〉 , i = 1 , · · · , n, 

whe re { U i } n i =1 a re i .i .d . ra ndom va riables with uni for m distribu- 
tion on [0,1], and independent with X i . The functional cova ri - 
ate X i is the same as in Case 3. This leads to a qua n tile r egr ession 

model 

Q Y i | X i ( τ ) = τ + rI(τ > 0 . 5) 〈 e −X i , X 

2 
i 〉 , 

i = 1 , · · · , n ; τ ∈ (0 , 1) . 

The coefficie n t r is take n to be 0, 1/40, 1/20, and 1/10, re spec - 
tively. It is clear that in this case, for the alternative hypothe se s 
with r > 0, Y and X a re qua n tile indepe nde n t at qua n tile levels τ
∈ ( 0, 0.5 ) , while qua n tile depe nde n t at τ ∈ ( 0.5, 1 ) . 

We check the empirical sizes a nd powe rs of Case 5 under 3 

qua n tile in te rvals at si gnifica nc e lev e l 0.05, with re sults shown in 

Table 2 . It is found that empirical rejection rates of the tests un- 
de r the qua n tile in te rval [0.1,0.3] a re alw ays clos e to the signifi-
canc e lev el re gardless of the coefficie n t r , since Y and X i are quan-
tile indepe nde n t at qua n tile in te rval [0.1,0.3]. Both the tes ts un- 
der the quantile interval [0.4,0.6] and [0.7,0.9] exhibit accurate 
emp irical si zes unde r the n ull hypothesis. The e mpirical po w - 
e rs unde r the qua n tile in te rval [0.7,0.9] a re always hi ghe r tha n
the coun te rpa rt unde r the qua n tile in te rval [0.4,0.6], which is 
not surprising, as Y and X i are dependent at the whole quan- 
tile in te rval [0.7,0.9] while pa rtially depe nde n t at the qua n tile 

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae036#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae036#supplementary-data
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TABLE 3 The P -value of test stat ist ic under the EEG data set based 

on T n , h ( the firs t row ) a nd T 

# 
n, h ( the se c ond row ) at diffe re n t qua n tile 

levels with n umbe r of proj ection s n . pro j = 7, 8, 9, respe ctiv ely. 

A [0.1,0.9] [0.1,0.3] [0.4,0.6] [0.7,0.9] 

n . proj = 7 0.046 0.252 0.040 0.224 
0.038 0.238 0.024 0.211 

n . proj = 8 0.048 0.288 0.038 0.210 
0.035 0.272 0.022 0.211 

n . proj = 9 0.049 0.324 0.038 0.236 
0.038 0.306 0.027 0.218 
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n te rv al [0.4,0.6]. Thes e findings further c onfirm th at our test
r ovides a compr ehe nsive a nd powe rful t ool t o che ck the c ondi-

ional qua n tile indepe nde nc e with function al c ov ari a te. Full r e-
ults of the empirical sizes and powers based on T n , h under dif-
e re n t qua n tile in te rv als A in Cas es 1 and 5 with the n umbe r of
roj ection s n . pro j = 7, 8, 9 a nd si gnifica nc e lev els α = 0.05, 0.10
an be found in Table 2 in Supplementary Materials . 

6 DA  TA  I L LU ST R A  T I O N  

he proposed test is further i l lustra ted using EEG da ta c olle cte d
 y the resea rch group of Prof. Ji Linhong at the Tsinghua Uni-
 ersity D epartment of Me ch anical Engine ering. EEG is known
o provide rich information about brain function. In the expe ri -

e n t, 142 unive rsity s tude n ts we n t throu gh a 5- min closed-eye
es ting s tate, a nd EEG si gn als w ere re c orde d from the scalp loca-
ion based on the in te rnational 10/20 sys te m of electrode p l ace-

e n t at a s amp le rate of 1000 Hz. We truncate EEG signals from
 min to the first 0.3 s due to the signal period icity, lead ing to
00 re c orde d sign al values for each individual. Figure 3 ( a ) in
upplemen ta ry Mate rial s di splays 5 randomly chosen functional
 bs erv ation s of the EEG data. 
The working memory ability score is meas ure d by the popu-

ar N - back te st, in which p articip ants w ere s uc c essiv ely shown
 s trea m of English lette rs ( ra ndomly chose n from A to Z ) on
 screen and then asked to decide whether each letter m atche d
he one a ppea ring N times before. The score is given in terms of
 ccura cy and rea ct ion t ime, r epr ese n tin g the workin g memory
bi lity wel l . It is a cont inuous v ari ab le ran gin g from −45.092 to
6.414. It is worth noting that the N - back t ask te st doe s not in-
 olv e EEG and its score is often used as the variable to be pre-
icte d with eyes-close d resting -state EEG sign als as input vari-
bles. 
In our pa pe r, we aim to inves ti gate the c ondition al qua n tile in-

epe nde nce of the working memory ability score Y on EEG sig-
 als ( function al c ov ari ate X ) . He nce, the n ull hypothesi s i s 

H 0 : P 

{
Y ≤ Q Y (τ ) | X 

} = τ a.s., for all τ ∈ A . 

We compute the testing stat ist ics with n . proj = 7, 8, 9 projec-
ions, and B = 2000 bootstrap r eplica tions. Table 3 pr ese n ts the
 -values a t differ ent quantile lev els . We c onclude from the t a -
le that for the whole qua n tile in te rval a nd the mode rate qua n-
ile in te rvals, the n ull hypothesis should be reje cte d at lev el
= 0.05, indicating that the EEG contributes significantly to

he qua n tile of the working memory a bility. Howe ver, for the
i ghe r a nd lowe r qua n tile in te rv als, we re tain the null hypothe-
is, a nd the re is no su ffic ie n t evide nce that the conditional quan-
ile of the working memory ability is corr ela ted with EEG signals.
 he a bo ve findin gs corr obora te the cl as sic neuros cienc e the ory,
e mons trating the ver satil ity of our method. 
To furthe r ve rify the re sult of the te st, we fit the following

LQM for the working memory ability score Y and EEG curve
 : 

Q Y ( τ ) = 

∫ 

T 
X( t ) β( t, τ ) dt + ε, ( 12 )

here τ is a pre-dete rmined qua n t ile level , β( ·, τ) is a slope
unction and ε is the error. 

We estimate β( ·, τ) as described by Ram s ay and Silver-
an ( 2005 ) using FPCA of X . A total of 19 FPC scores are

hosen to capture 99% v ari ance exp l ained by the compone n ts
sed to construct the cov ari ance function of X . We s e t the
xed qua n tile level from 0.1 to 0.9. The e stimate s of β( ·, τ)
 t differ ent quantile levels are disp l ayed in Figure 3 ( b ) - ( d ) in
upplemen ta ry Mate rials . We adopt the measure R proposed in
oe nke r a nd Ma cha do ( 1999 ) t o evaluat e the goodness- of- fit of

ach qua n tile r egr e ssion mode l, which is calculated b y 1 min us
he ratio betw e en the s um of abs o lute devi ation s in the fully pa-
a mete rized models a nd the sum of abs o lute devi ation s in the
ull ( non-c ondition al ) qua n t ile model . The hi ghe r value r epr e-
e n ts the better fitting. Spec i fically, 

R = 1 − ̂ V ( τ ) / ̃  V ( τ ) , ( 13 )

here ̂ V ( τ ) = min β(·,τ ) 
∑ n 

i =1 ρτ

{
Y i −

∫ 
T X i ( t ) β( t, τ ) dt 

}
nd 

˜ V ( τ ) = min b∈ R 
∑ n 

i =1 ρτ ( Y i − b ) . To gener aliz e the
oodness- of- fit measure into the con tin uous qua n tile case, we
enote the measure R 

′ as 

R 

′ = 1 −
∫ 

A ̂

 V ( τ ) dτ/ 

∫ 

A ̃

 V ( τ ) dτ. ( 14 )

The results of goodness- of- fit evalua ting a t single qua n tile a re
 umm arize d in Table 4 . While for continuous quantile intervals
0.1,0.3], [0.4,0.6], and [0.7,0.9], the corre sponding goodne ss-

of- fit measure R 

′ values are 0.086, 0.259, and 0.091, respe ctiv ely.
t is easy to find that among all qua n tile levels, the si gnifica n t
 value s corre spond t o the moderat e lev els, s uch as fixe d lev el
.4, 0.5, and 0.6; or continuous interv al [0.4,0.6], imp lying that
LQM can exp l ain the rel ation ship be tw e en the c ondition al
ua n tile of the working memory ability score with EEG curves

o some exte n t. How ev er, for low and high quantile levels, both
oodness- of- fit measures R a nd R 

′ a re rathe r small, th us FLQM
ails to model the data su ffic ie n tly. These findings a re consis te n t

ith the results of the proposed conditional qua n tile indepe n-
e nce tes t, furthe r confirming our tes t’s hi gh a ccura cy and broa d
ppl icabil ity. 

7 CO N  C LU D I N G  R E M A R K S  

n our pa pe r, w e c onside r tes t ing condit ional qua n tile indepe n-
ence with functional cov ari at e. The t e sting st at ist ic from the
roje cte d residual m arke d empirical process we akly converg es to
 Gaus si an proces s a t the r oot- n ra te unde r the n ull. We also s tudy
ts asymptotic behavior under the fixed alte rnative a nd a series
f local altern ativ es . The calibrat ion for the crit ical values of the
 imiting null d i stribution i s implemented by a straightforward

https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae036#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae036#supplementary-data
https://academic.oup.com/biometrics/article-lookup/doi/10.1093/biomtc/ujae036#supplementary-data
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TA BLE 4 The goodness-of -fit measure R in Equation 13 under the EEG d ata s e t for the functional linea r qua n tile r egr e ssion mode l Equation 12 
with diffe re n t qua n tile lev els . 

τ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 

R 0.077 0.070 0.093 0.221 0.287 0.234 0.105 0.072 0.093 
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m ultiplie r boots tra p proc e dure. To our best kno wledg e, thi s i s
the first pie c e of w ork in the c ondition al indepe nde nce tes t with
function al c ov ari ate ov er a c on tin uum of qua n tile s, which yie lds
an a t tract ive test ing stat ist ic, and a t mean while is f ree f rom the
ultra-hi gh dime n sion as well as us er-chos en tuning parame ters
such as bandwidths. Some promising exten sion s w arrant further
inves ti gation . One pos sib le direction is to apply our method to
the goodness- of- fit test for the FLQM with a continuum of quan-
tiles. It is not trivial due to the gap in handling the pa ra mete r es-
t imat ion effect. 
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